Abstract: Piezoactuated nanopositioners are an integral component in Scanning Probe Microscopes (SPM). The imaging application of SPMs necessitate the loading of the nanopositioning platform with various samples. This causes an increase in mass thereby altering the dynamics of the system. Various methods have been proposed to control uncertain systems such as H ∞ robust control, µ-synthesis and mixed µ-synthesis. Additionally, low-order damping controllers, such as Integral Resonance Control (IRC) and Positive Position Feedback (PPF), have been shown to be robustly stable via the negative imaginary lemma. In this paper, IRC is used as a benchmark for robust performance, and robust controllers are developed using the aforementioned methods. It is found that the best performance, in terms of the H ∞ norm over the range of uncertainty, is achieved using the IRC control scheme. In addition, IRC provides more accurate tracking of a reference signal.
INTRODUCTION
The use of piezoelectric stack-actuated nanopositioning platforms in scanning probe microscopy presents a challenge in robust control under uncertainty due to loading. By modelling a nanopositioning platform as a mass-spring-damper system [Fleming (2010) ], it can be seen that loading a sample onto the platform increases the mass of the platform, thereby altering the system dynamics, e.g. a reduction of the resonance frequency. Typical open-loop control methods, such as model-based inversion [Croft et al. (2001) ], are not applicable as these require a highly accurate model of the system which cannot be obtained due to the variability of the mass. This necessitates the use of closed-loop control techniques in order to achieve accurate positioning in uncertain systems. Two methods are considered: robust control, and the combination of damping and tracking controllers.
Robust control uses optimisation techniques, such as H ∞ and µ-synthesis, to develop high-performing controllers by minimising a cost function which defines the performance objectives. Successful implementation of H ∞ robust control in nanopositioning applications has been reported in the literature [Salapaka et al. (2002) ; Sebastian and Salapaka (2005) ; Sebastian et al. (2008) ]. Whilst the authors are unaware of any application of µ-synthesis in nanopositioning, it has found use in comparable systems. Moser (1993) shows an implementation of µ-synthesis control in flexible structures, and Tayebi et al. (2008) presents an application in robotic manipulators. These applications are examples of collocated systems, for which the same control methods can be utilised [Aphale et al. (2007) ; Pereira et al. (2011)] . This suggests that the use of µ-synthesis in nanopositioning applications is feasible.
Another prevalent method for the control of nanopositioning systems is the use of damping controllers, such as Integral Force Feedback (IFF) [Preumont et al. (2008) ], Integral Resonance Control (IRC) [Aphale et al. (2008b) ], Positive Position Feedback (PPF) [Fanson and Caughey (1990) ], Positive Velocity and Position Feedback (PVPF, also known as Polynomial Based Control) [Bhikkaji et al. (2007) ] and Resonant Control [Aphale et al. (2008a) ], in conjunction with an integral tracking controller in an external feedback loop. It has been shown that IRC, PPF, and Resonant Control are strictly negative-imaginary (SNI). For a nanopositioning system with collocated sensor actuator pairs, these controllers provide robust stability via the negative-imaginary lemma [Peterson and Lanzon (2010) ]. In addition, the use of controllers with integral action has been shown to provide a significant reduction in the effects of inherent nonlinear behaviours such as hysteresis and creep [Devasia et al. (2007) ].
In this work, IRC is used as a benchmark to design robust controllers using H ∞ , µ-synthesis, and mixed µ-synthesis optimisation techniques. This is achieved by choosing weighting functions which act as upper bounds on the functions measured from the reference to the regulated outputs, in this case, the error, sensor output, and control signal. Using these weighting functions provides a simple measure of improved performance, that is, the robust controller provides improved performance over IRC if the H ∞ norm of the regulated system is less than that of IRC. IRC is chosen as it provides robust stability, has low order and a simple design procedure.
The paper is structured as follows: Section 2 develops a model of the system with variable mass. The method of controller design for both IRC and the three robust controllers is described in Section 3. Section 4 provides an overview of the experimental system upon which the models are based and the derivation of the plant model. In this section, simulated and experimental results in both the frequency and time domain are presented. The performance of each control scheme is analysed in both the nominal-and worst-case to evaluate the effect of a change
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The paper is structured as follows: Section 2 develops a model of the system with variable mass. The method of controller design for both IRC and the three robust controllers is described in Section 3. Section 4 provides an overview of the experimental system upon which the models are based and the derivation of the plant model. In this section, simulated and experimental results in both the frequency and time domain are presented. The performance of each control scheme is analysed in both the nominal-and worst-case to evaluate the effect of a change in mass on closed-loop performance. Section 5 concludes the paper.
SYSTEM MODELLING
A single axis of a nanopositioning platform can be modelled as a mass-spring-damper system, having equation of motion
where M p is the mass of the platform, c f is the damping coefficient of the flexures, k is the sum of the spring stiffness of the flexures, k f , and the actuator, k a , and F a is the force applied by the actuator.
Taking the Laplace transform of the equation of motion, the transfer function measured from the applied force, F a , to the displacement, d, is
The force generated by the actuator can be related to the unconstrained piezoelectric expansion, δ, by
and δ can be related to the reference input voltage, r, by
where g δr is a constant gain which is the product of the piezoelectric strain constant, d 33 , the number of actuator layers, n, and the amplifier gain, g a .
Likewise, the displacement, d, can be related to the measured voltage, y, by
where g s is the sensor gain. The transfer function from the reference input, r, to the measured voltage, y, is then where g = k a g δr /g s , or substituting standard variables
It is known from experimentally measured results that nanopositioning platforms have multiple resonance modes. However, the behaviour of nanopositioners is dominated by a single low frequency resonance mode, and so, it is not necessary to model any higher-order modes.
In addition to the plant dynamics, the amplifier and sensor affect the measured response and can be modelled as first-order low pass filters, i.e.
A small time-delay is also observed in the experimentally measured frequency response due to hardware/software latency, and is modelled as a second-order pade approximation, as in [San-Millan et al. (2015) ], giving
The full model of the plant is then given by:
CONTROLLER DESIGN
It is desired that the closed-loop system provide low error at low frequencies, high roll-off at high frequencies (to reduce the effects of noise), and bounded control signal (to prevent saturation). This is achieved by regulating the relevant outputs as shown in Fig. 2 .
One method of ensuring low errors at low frequencies and high roll-off at high frequencies is the use of damping and tracking controllers. In this work, we consider IRC. IRC is chosen as it is known to be robustly stable via the negative imaginary lemma and is used as a benchmark of robust performance.
The IRC control scheme consists of a first order damping controller, C d (s), in positive feedback, and an integral tracking controller, C t (s), implemented in negative feedback, given by
As the damping controller is SNI, the inner damping loop is robustly stable if
This inequality holds if
The feedthrough term, d, is chosen to be d = −2d c , as in [Namavar et al. (2014) ], which ensures unity DC gain in the damping loop as well as robust stability. The damping gain, k, is chosen using root locus analysis to ensure the greatest achievable damping. The tracking gain, k t , is chosen as the largest value such that the closed-loop magnitude response does not exceed unity gain.
The robust control problem is formulated to minimise the error at low frequencies, maximise the roll-off at high frequencies, and bound the control signal. The cost function is defined as
where S is the sensitivity function, T is the complimentary sensitivity function, and U is the function measured from the input to the control signal. The plant, shown in Fig. 2 , is then defined as
The weighting functions, W s , W t and W u , are chosen such that their inverse acts as an upper bound of the corresponding function of the IRC design, i.e. Fig. 4 . A two-axis serial-kinematic nanopositioning platform designed and constructed by EasyLab, University of Nevada, Reno, USA.
It follows that the robust controller provides improved performance over IRC if
over the range of the uncertainty, M . In the following section three methods, H ∞ , µ-synthesis and mixed µ-synthesis, are used to develop robust controllers which minimise the cost function.
RESULTS AND DISCUSSION

Experimental Setup
Simulations are performed using models of a two-axis piezoelectric stack-actuated serial-kinematic long-range nanopositioning platform designed and constructed by EasyLab, University of Nevada, Reno, USA, pictured in Fig. 4 . This provides a range of approximately 43 µm on each axis corresponding to an applied voltage of 0-200 V. Each axis is driven by a Piezodrive PDL200 linear voltage amplifier with a gain of 20, and bias of 100 V. The displacement is measured using a Microsense 4810 capacitive displacement sensor and a 2805 measurement probe providing a range of ±50 µm or ±10 V.
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System Identification
The nominal model of the platform dynamics is found via trial and error. Both the sensor and amplifier are modelled as firstorder low pass filters with a cutoff frequency of 10000 Hz and 5000 Hz respectively. A time-delay of 65 µs is identified, due to hardware/software latency, giving: 
The frequency response of the nominal and perturbed models are given in Fig. 1 . It is observed that the perturbed model more accurately matches the measured data when c f /M p is kept constant. The model of the plant dynamics is then defined as:
where M nom is the nominal mass, and M is an uncertain parameter with a range of 73.36 to 88.36 g.
Controller Design
The IRC damping controller is designed to maximise damping as in Namavar et al. (2014) . The tracking controller is an integrator with the gain chosen such that the magnitude response does not exceed unity gain. The weighting functions which bound the IRC response are defined as:
Three methods are used to develop a robust controller for the uncertain plant: µ-synthesis, mixed µ-synthesis, and H ∞ , using the Matlab functions dksyn and hinfsyn respectively.
Simulated Results
The sensitivity function, complimentary sensitivity function, and function measured from the reference input, r(t) to the control signal, u(t), are plotted in Fig. 3 and the robust performance metrics are given in Table 1 , where γ/µ is the H ∞ norm of the nominal system, and the worst-case gain is the largest H ∞ norm of the perturbed system. It is observed that, in the nominal case, the greatest performance is obtained using the H ∞ controller. However, the worst-case analysis shows that IRC provides improved performance over the range of uncertain mass. Both the H ∞ and µ-synthesis controllers perform poorly as the mass of the platform changes. This is seen as spikes in the sensitivity and complimentary sensitivity functions. For the mixed µ-synthesis controller, the worst-case is the nominal case, and so, the performance is not worsened by an increase in mass. It is noted that the mixed µ-synthesis provides the worst performance in the nominal case.
Experimental results
To verify the performance of the robust controllers, experiments were performed using the system described in Section 4.1. Reduced order controllers are used due to the limitation of system bandwidth and to simplify implementation. The controller order reduction is achieved by removing the poles and zeros which occur above 5000 Hz, and the pole/zero cancellations. The robust performance metrics for the reduced order controllers are given in Table 1 and the frequency responses are H ∞ response is not presented as the additional mass which causes instability is less than that which causes the theoretical worst-case. plotted in Fig. 5 . It is observed that, although the reduced order controllers differ from the full order at high frequencies, the response is consistent within the bandwidth of interest. Additionally, the use of reduced order controllers does not significantly reduce the performance in the nominal case and improves the worst-case performance for each of the three robust controllers.
The closed-loop frequency response for each of the robust control schemes is plotted in Fig. 6 , and the bandwidth for both the nominal and worst-case given in Table 2 . Whilst the H ∞ control scheme provides the greatest bandwidth in the nominal case, it is found that it becomes unstable for an additional mass greater than 2.06 g. This is less than the mass which causes the theoretical worst-case (2.29 g) and so cannot be included in Fig. 6(b) . The µ-synthesis scheme develops a resonance peak as the mass is increased but remains stable. The worst-case mixed µ-synthesis is the nominal case and so performance is not degraded by an increase in mass. The bandwidth of IRC, µ-synthesis and mixed µ-synthesis is consistent over the range of uncertainty.
The response of the unloaded and loaded system to a 20 Hz triangle wave is shown in Fig. 7 and the corresponding RMS error given in Table 2 . With the exception of H ∞ due to instability, the tracking accuracy of the three remaining control schemes is not significantly altered by an increase in mass. It can be seen that IRC provides the lowest tracking error, in terms of both the maximum and rms error, for the range of uncertain mass. In the case of µ-synthesis, small oscillations can be observed in the error signal, becoming more prominent as the mass is increased. This is consistent with the development of a resonance peak, shown in Fig. 6 , and is predicted by simulation.
CONCLUSION
Imaging applications of nanopositioning platforms require robustness against perturbations of the system dynamics due to loading of the platform. Traditionally, robust control has favoured optimisation techniques such as H ∞ and µ-synthesis. Recent work on negative imaginary control has shown the robust stability of low-order controllers, such as IRC, for collocated systems. From this paper, the following conclusions can be drawn:
(1) H ∞ provides the greatest theoretical performance in the nominal case but small increases in mass cause instability in practice. (2) µ-synthesis gives robust stability but an increase in mass induces oscillations in the system response. (3) In terms of the H ∞ norm, mixed µ-synthesis shows the greatest performance over the full range of uncertainty. In practice, it provides the smallest bandwidth and largest tracking error of the controllers considered. (4) IRC has a simple design procedure, low order, and does not necessitate model order reduction for implementation. In addition, IRC shows stability and the greatest tracking accuracy over the range of additional mass. 
